Only phase space is typically used to obtain final state particle spectra in rare decay searches, which is a crude approximation in the case of three body processes. We will demonstrate how both dynamics and phase space can be approximately accounted for, in processes such as nucleon decays p → e +ν ν or p → µ +ν ν originating from Grand Unification models, using general effective Fermi theory formalism of electroweak muon decay µ → e +ν ν. This approach allows for a more precise and only weakly model dependent approximation of final particle spectra for these and similar decays, which may improve rare process searches in current and near-future experiments.
Only phase space is typically used to obtain final state particle spectra in rare decay searches, which is a crude approximation in the case of three body processes. We will demonstrate how both dynamics and phase space can be approximately accounted for, in processes such as nucleon decays p → e +ν ν or p → µ +ν ν originating from Grand Unification models, using general effective Fermi theory formalism of electroweak muon decay µ → e +ν ν. This approach allows for a more precise and only weakly model dependent approximation of final particle spectra for these and similar decays, which may improve rare process searches in current and near-future experiments. Rare processes, such as nucleon decays which violate baryon number conservation and may arise in a theory of Grand Unification (GUT) [1, 2] , are essential to probing the fundamental aspects of nature and physics beyond the Standard Model (SM). Typically [3] [4] [5] , experimental searches for them involve Monte Carlo (MC) simulation of the final state particles that utilizes only phase space (4-momentum conservation) to constraint the energy spectra of the consituents. For 2-body processes, such as the dominant SU (5) proton decay mode of p → e + π 0 [6] , such approach uniquely determines the kinematics of decay. However, in the case of 3-body decays, such as p → e +ν ν or p → e + e − e + which may arise in a Pati-Salam partial unification scenario [2] , energy and momentum conservation are insufficient to uniquely constrain final state particle spectra. The reason being is that additional input from interaction dynamics (matrix element), which is highly model dependent, is required. Thus, even though utilizing only phase space to represent the final decay state is a model independent approach for rare process searches, it is a crude approximate technique if more than 2 resulting particles are present in the decay.
In this analysis, we will demonstrate that both dynamics and phase space may be approximately accounted for when calculating the spectrum of a charged lepton in such 3-body processes as those above. Our approach utilizes general effective Fermi theory formalism of electroweak muon decay µ → e +ν ν. The results are predominantly model independent, assuming the absence of tensor interactions and vector interactions involving left-right mixing, which is consistent with typical GUT models [1, 2] .
From reviewing 2-and 3-body decay kinematics (see App. A), formulations of the respective partial decay widths outline the issue. As noted, in the parent particle rest frame, the resulting momenta in the 2-body decay case are uniquely determined to be half that of original parent particle, once the 4-momentum conserva-tion is imposed. On the other hand, in the 3-body decay scenario, the energy and momenta are not uniquely distributed among the 3 constituents as determined by the 4-momentum conservation. Thus, 3-body partial decay width may be affected by energy dependency of the matrix element. The matrix element contains information about the decay dynamics and is specific to the given model. Though using only phase space (4-momentum conservation) when determining 3-body momenta of final particles is a model independent approximation, it may potentially be very crude. This may thus be of potential concern for experimental searches for rare processes.
Proton decay p → e +ν ν that may arise in GUT theory shares a common set of final state particles with the SM electroweak muon decay µ → e +ν ν. Noticing this fact, we will attempt to identify conditions which will allow for the well-known formalism of the latter [7] to be exploited for a reasonable approximation to the momentum spectrum of the charged lepton e + in the former. Since muon decay formalism implements both dynamics and phase space, this will improve on the phase space-only approximation typically used in simulations. Additionally, the spectrum will be known a priori to the searches from the formalism.
As noted, the matrix element encoding decay dynamics plays a role in determining the energy spectra of 3-body decays. In the effective Fermi theory of muon decay, a specific feature of the dynamics is the vector minus axialvector current (V − A) type interaction which is a distinctive characteristic of the SM electro-weak processes (see App. B). On the other hand, the formulation of muon decay can be generalized to include other types of interactions.
To explore the validity of the muon decay as an approximation to other processes, we begin by reviewing the most general formulation for the 4-fermion decay amplitude with possible interaction couplings unspecified (see App. B). Assuming neutrino mass to be negligible and detector to be electron-spin insensitive, the full decay spectrum including radiative corrections is given by [8] ,
where G F , m e , m µ , E e , P µ are the Fermi constant, electron mass, muon mass, electron energy and muon polarization, respectively. cos θ is the angle between the electron momentum and muon spin, with x = 2E e /m µ . Functions g(x) and h(x) incorporate radiative corrections [9] , which in the case of muon decay have noticeable effect on the spectrum. Parameters D, ρ, η, ξ, δ are the Michel parameters [10, 11] . At this point all the possible vector and axial-vector (V ), scalar and pseudo-scalar (S) and tensor (T ) couplings, g
γ=V,S,T ǫµ
, are allowed. The information about the couplings is encoded inside the Michel parameters, which are functions of the possible couplings. In the case of SM, only g V LL is non-zero, corresponding to (V -A) type current, with the full set of parameters determined to be ρ = ξδ = 3/4, ξ = 1, η = 0 [7] .
To utilize the spectrum of Eq. 1 as an approximation to the 3-body nucleon decay, we will substitute the mass of the proton m p for the decaying parent particle instead of the original muon mass m µ .
The spectrum of Eq. 1 can be separated unambiguously into isotropic (IS) and anisotropic (AS) components, with the former constituting the second line of the equation and the latter being the third. To approximate the nucleon decay spectrum which is to be observed in the detector, only the isotropic component is of interest. Neglecting the overall normalization and assuming that mass of the final state charge lepton m e is small with respect to that of the initial particle m p , the approximate isotropic spectrum for the nucleon decay can be stated as
where we have substituted proton mass intox = 2E e /m p . Therefore, as seen from the above, all the information about possible S, V, T couplings is encoded into a single parameter ρ. It should be noted, that radiative correction function h(x) has similar distribution irrespective of coupling considered [12] and Eq. 2 is thus considerably general. The term proportional to η, which governs behavior in low energy region where E e ∼ m e ∼ 1 2 MeV, is neglected. Given that our scenario considers energy spectrum from 0 to Assuming the SM values of the Michel parameters, the only value relevant for our isotropic spectrum is ρ = 3/4. The value of ρ = 3/4 by itself is insensitive to the (V -A) nature of the SM electroweak sector. In fact, following Ref. [13] which considered the similar decay, τ → µνν (with suppressed flavor indices), one can see that the value ρ = 3/4 can arise from interactions that have structure different from (V-A). The value of ρ is determined, in the presence of all possible types of the couplings, by
The condition for ρ = 3/4 is found by setting the bracket term in Eq. 3 to zero,
In the absence of tensor couplings, g Assuming the absence of the tensor interactions and vector couplings that involve left-right mixing, we can then take the value ρ = 3/4. Taking into account the radiative corrections as well as charged lepton and initial particle masses of m e = 0.511 MeV and m p = 938.2 MeV, the isotropic spectrum up to overall normalization as a function of energy is shown in Fig. 2 , for the approximate e + spectrum in p → e + νν decay and the approximate µ + spectrum in p → µ + νν. The µ + spectrum is also reasonably approximated as the condition of final state charged lepton mass m µ being significantly smaller than the original parent particle mass m p still holds, given the mass of the muon being m µ = 105.7 MeV. The allowed general coupling combination by the validity of assuming the SM value ρ = 3/4 as stated above is consistent with the usual nucleon decay and similar processes predicted by popular models of Grand Unification such as SU (5) [1] and Pati-Salam theories [2] . As an example, the 3-body decay, p → e + (µ + )νν, can arise through a typical mediation by the scalar fields in the extended Higgs sector in GUT models based on the Pati-Salam partial unification [14] , as shown in Fig. 2 . This process is mediated by the Higgs fields, transforming as ξ = (2, 2, 15) and ∆ R = (1, 3, 10 Thus, we have shown that starting from a general formalism for muon decay, we can obtain approximate isotropic spectra for three-body nucleon decays p → e + νν and p → µ + νν. The validity of the approach requires the absence of the tensor type interactions and vector type interactions involving left-right mixing. Our approach provides a more rigorous spectrum approximation incorporating both dynamics and phase space, rather than just the typical phase space factor as in the current nucleon decay experimental searches. Additionally, our analysis is only weakly model dependent, allowing for both types of standard nucleon decay mediation by either vector or scalar type currents. Further, with arbitrary combinations of such couplings being allowed as well as the fact that the current best nucleon decay experiments being insensitive to the neutrino flavor and type (such as the Super-Kamiokande large water Cherenkov detector [6] ), variations other than νν in the final state will lead to a similar charged lepton spectrum. To a lesser degree, the method depicted here may also serve to approximate the spectra in decays such as p → e + e − e + and p → µ + e − e + , as well as other 3-body processes where the final state particles have small mass in relation to the original parent particle.
To conclude, the method provided allows one to obtain an approximate energy spectrum for 3-body nucleon decay in current and future experiments in a relatively model independent manner using the SM electroweak formalism for muon decay. This method is more rigorous than a simple phase space approximation typically used, leading to improved and better understood searches.
